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2. Definition of the dielectric constant

Infinite conducting plates

Infinite dielectric slab

Equal and opposite surface charge densities

Infinite dielectric slab Electric field

The potential difference between the plates is smaller with the
dielectric than without the dielectric. The ratio

∆Vwithout

∆Vwith

yields the dielectric constant.



3. Why is the potential lower?
The dielectric is not a conductor. In an electric field the electrons
stay bound to the atoms. But the atoms are deformed.

+

E+

In a downward field the nucleii move downward and the electron
clouds are deformed upward.

The polarized atoms make a small electric field opposed to the
applied field.

The atomic fields and applied fields add to make a smaller total
field and therfore smaller potential difference.



4. The problem

Infinite conducting plates

Infinite dielectric slab

Equal and opposite surface charge densities

Infinite dielectric slab Electric field

Problem. To show that large but finite experiments are
approximated by the infinite domain model with electrostatic
potential φ(x3) depending only on x3.

The fact that the potential of a charged plane, or of a charged slab
are NOT the limits of the potentials of spatially localized sources is
a source of worry that is verified by direct integral representation.

For the finite dielectric experiments, the associated PDE has
coefficients that depend on x3. No exact formulas. Analysis is
surprisingly subtle.

That far away plates don’t influence much, and, field (0, 0,E3(x3))
forced by translation symmetry in x1, x2 seem nearly contradictory.



5. Coulomb and Gauss

For a compactly supported, ρ ∈ E ′(R3), the electrostatic field is
the unique solution E to

div E = ρ, curl E = 0, |E| = O(1/|x|2) as x→∞

E = − gradφ, −∆φ = ρ, |φ| = O(1/|x|) as x→∞

Gauss’ Theorem. If ρ ∈ E ′(R3) and supp ρ ∩ ∂Ω is empty, then E
is infinitely differentiable on a neighborhood of ∂Ω and the flux of
E through ∂Ω, is equal to the total charge in Ω∫

∂Ω
E · n dσ =

∫
Ω
ρ(x)dx .



6. Newton’s Theorem
The electric field of a uniform spherical surface charge distribution
vanishes inside the shell. Outside the shell it is the same as the
field of a point charge at the center with total charge equal to the
total surface charge.

Proof. Consider the two problems side by side.

Point Charge
Shell

Both fields are spherically symmetric by unicity. Gauss’ Theorem
implies that the fluxes though concentric spheres outside the shell
are the same. They are therefore identical outside the shell.



7. Uniformly charged slab
Electrostatic potential φ of a uniform charge distribution in the
slab

{
x ∈ R3 : |x3| < 1/2} is uniquely determined by

− d2φ

dx2
3

= ρχ|x3|<1/2(x3) , φ(x3) = φ(−x3) .

φ(x3) =


ρx2

3/2 for |x3| ≤ 1/2

ρ(|x3| − 1
2 )/2 + ρ/8 for |x3| ≥ 1/2

This solution is NOT the limit of the potentials of truncated
distributions.

The potential of the part of the slab with R ≤ |x| ≤ 2R has
volume ∼ R2 and the Coulomb potential decays only as 1/R.

The Coulomb electric fields decay one power faster. The integrals
are still not absolutely convergent.



8. Dipoles
The dipole moment of ρ ∈ E ′(R3) is the vector∫

x ρ(x) dx .

Charges ±1/ε at the points (0, 0,±ε) have dipole moment (0, 0, 1).

The limit ε→ 0 yields the point dipole ∂3δ.

If q ∈ C0(R3), a distribution of dipoles in the x3 direction with
density q is the element of E ′(R3) defined by

ψ 7→
∫
∂ψ(x)

∂x3
q(x) dx

For vector valued q = (q1, q2, q3) the functional is defined by
linearity

ψ 7→
∫
∂ψ(x)

∂xj
qj(x) dx

A dipole distribution with density the vector valued q is identical to
the distribution in the sense of L. Schwatrz given by div q.



9. Polarizable media of compact support
Definition. The medium is represented by its polarizability

0 ≤ α ∈ L∞comp(R3) .

In the presence of the medium and an external charge distribution
ρ, the electric field comes from the charges and a dipole
distribution with density P(x) := αE called the polarization per
unit volume.

Given a compactly supported charge distribution ρ ∈ H−1(R3) the
electric field is the unique E ∈ L2(R3) satisfying

div E = ρ−div (αE), curl E = 0, E = O(1/|x|2) as |x| → ∞.

Equivalently E = −∇φ with

− div (1 + α(x))∇φ = ρ , φ = O(1/|x|) as |x| → ∞.

Variable coefficient real linear elliptic second order divergence form.



10. The solution of the dielectric constant experiment
Symmetry demands that the polarizability, charge density, electric
field and its potential depend only on x3,

E = (0, 0,E3(x3)), and E3(x3) = −Φ′(x3) .

Poisson equation degenerates to

− d

dx3

(
1 + αχ|x3|≤1/2

) d

dx3
Φ(x3) = δ(x3 − 0.5)− δ(x3 + 0.5) .

Source is odd in x3. For truncated sources the potential would be
odd in x3. Impose this parity.
Φ determined only up to a constant times the solution of

d

dx3

(
1 + αχ|x3|≤1/2

) d

dx3
φ(x3) = 0 , φ(0) = 0 , φ′(0) = 1 .

In the slab, Φ(x3) = Cx3, E = const, and α = const. The induced
dipole distribution is constant. Electric field is the superposition of
opposed planar surface distributions and a uniform dipole slab.
Both have fields that vanish outside the slab. So Φ′(x3) = 0 for
|x3| ≥ 1/2. Determines Φ with simple formula.



11. Main Theorem
Denote x′ := (x1, x2). The derivatives are ∂′ := (∂1, ∂2).

Theorem. Define

ρ(x) := δ(x3 − 1/2)− δ(x3 + 1/2) ,

For R > 1 denote by φR to be the unique Ḣ1 solution of

− div (1 + α(x3))gradφR = χ|x′|≤R ρ(x) .

Denote by Φ(x3) = −Φ(−x3) the solution of the last slide,

− d

dx3

(
1 + αχx3≤1/2

) d

dx3
Φ(x3) =

[
δ(x3 − 1/2)− δ(x3 + 1/2)

]
,

with Φ′(x3) = 0 for |x3| > 1/2. Then uniformly on compacts of R3

lim
n→∞

φR(x) = Φ(x3) .



12. Two green’s function results
Denote by g the Green’s function for −div (1 + αχ) grad so

φR(x) =

∫
|y′|≤R

[
g
(
x, (y′,

1

2
)
)
− g

(
x, (y′,−1

2
)
)]

dy′

The difference of g’s decays as 1/|y′|2. The integral of the
absolute value diverges logarithmically as R→∞. Strategy is to
take advantage of φ(x′, 0) = 0. Need to estimate derivatives with
respect to x3.

Lemma Denote by L = div a grad and Lσ = div a(σx) grad with
σ > 0. If g is the Greens’ kernel for L,

Lg(x, y) = δ(x− y),

then σg(σx, σy) is the Green’s kernel for Lσ.



13. Scaled geometry

Unscaled geometry.  Gap = 1 Scaled geometry.  Gap = 1/R

The scaled Green’s function is denoted gR.



14. Tangential Green function estimates

Littman, Stampacchia, and Weinberger (1963) show that
|y − x| g(x, y) is uniformly bounded on |x− y| > 1.

The scaling law ⇒ this is equivalent to {gR : R > 1} is uniformly
bounded on compact sets of the complement of the diagonal.

Our interest is bounds that are uniform in the noncompact set
R > 1. The geometry degenerates as R→∞. The interfaces at
x3 = ±1/R approach each other.

The geometry is x′ translation invariant. Derivatives with respect
to x′ are easier. A commutation argument.

Proposition. If K is a compact subset of R3 × R3 disjoint from
the diagonal, then for all β,{
|x−y|1+|β|(∂x′ , ∂y′)βgR, R > 1

}
is bounded in L∞({|x−y| > 1})



15. Main Green’s function estimate.

Theorem. The family{
gR : R > 1

}
is bounded in Lip1

(1

2
≤ |x− y| ≤ 2|x− y|

)
.

Since the first derivatives of gR are discontinuous accross the
interfaces, the analogous C1 result is not true.

The very strong control of the tangential derivatives shows that it
is the variations with respect to x3 that are important.

If there was no dependence on x′ at all one would have a ordinary
differential equations in x3.



16. ODE estimate.

Denote by χε the characteristic function of the interval |x| < ε,
χε := 1|x|≤ε.

Theorem. For any µ > 0, ε < ` and f ∈ L1([0, `]), the H1([0, `])
solutions of

d

dx

(
1 + µχε

) d

dx
uε = f (1)

belong to C1([0, ε]) ∩ C1([ε, `]) and satisfy∥∥u′ε∥∥L∞([0,`])
≤ 2

1 + µ

∥∥f∥∥
L1([0,`])

+
∣∣u′ε(`)∣∣ .



17. Pf Green bound. Step II

There is a constant C independent of x, y,R so that if y is not on
the line Lx parallel to the x3 axis and passing through x then

sup
L∩{|x3|≤2}

∣∣∂x3gR
∣∣ ≤ C .

It is important that the estimate does not degenerate when y is
very close to the line Lx.
On Lx, gR satisifes

∂

∂x3
(1 + µχε(x3))

∂

∂x3
gR +

2∑
j=1

∂2gR
∂x2

j

= 0 .

This is viewed as an ordinary differential equation on −2 ≤ x3 ≤ 2
parameterized by x′, y.
It is here where the ODE estimate is used.



18. Potential estimate
There is a constant C independent of R > 1 so that for all
f ∈ L∞(R2) with |f| ≤ 1. the function

ψ(x) :=

∫
R/2<|y′|<R

f(y′)
[
g
(
x, (y′,

1

2
)
)
− g

(
x, (y′,−1

2
)
)]

dy′

satisfies the following estimates.
i. There is a constant C so that for |x| ≤ R/4,

∣∣ψ∣∣ ≤ C .

ii. For γ 6= 0 there is a constant C so that for |x| < R/4,∣∣(∂′x)γψ
∣∣ ≤ C R−|γ|.

iii. There is a constant C so that for |x| < R/4, and x3 6= ±1/2,∣∣∂2
3ψ
∣∣ ≤ C R−2 . (2)

iv. For any ball B ⊂ R2
x′ there is a constant C independent of

R > 1 so that for x′ ∈ B and |x| < R/4∣∣ψ∣∣ ≤ C R−1 .

The first three hold for each summand. The fourth est la bonne.



19. Proof of iv

iv. On each of the three unit intervals

{|x3| < 1/2}, {1/2 < x3 < 3/2}, {−3/2 < x3 < −1/2},

use the interpolation intequality

‖∂3ψ‖L∞(I) ≤ C ‖ψ‖1/2
L∞(I) ‖∂

2
3ψ‖

1/2
L∞(I) , so

‖∂3ψ(·, x′)‖L∞(Ij) ≤ C ‖ψ(·, x′)‖1/2
L∞(Ij)

‖∂2
3ψ(·, x′)‖1/2

L∞(Ij)
≤ C

R
.

Use the continuity of ψR at the interfaces and integrate from
x3 = 0 where ψ = 0 to show that for |x3| ≤ 3/2 and x′ ∈ B,

|ψ(x′, x3)| ≤ C |x3|
R

.

The estimate for the other x3 is interior elliptic regularity.



20. Dyadic finale

The main result follows upon splitting the expression of the solution
in terms of the Green’s function into dyadic intervals |x| ∼ 2n.



Thank you for your attention.


