
N = 10
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Training points. Local approximation
spaces.

Radius. Sample points.

Fig. 8.12: Test 2: Training points, local approximation spaces for some specific pa-
rameter values, radii and sample points for greedy algorithm with adaptive training
set and N = 5.

fixed training set as explained above. Finally, Figure 8.13 presents the training set,
local approximation spaces, radii and sample points. We observe that the training
points are in accordance with the sample points, and that a more dense sampling is
indeed required around the origin. We observe that the local approximation spaces
are now connected also for the tolerance of 10−4.

In order to illustrate the benefit of using adaptive training sets also in this case
we consider a test sample of 100 × 100 uniformly distributed points in the region
[−0.05, 0.05]2 around the origin. Figure 8.14 illustrates the error distribution using
the online procedure generated using a fixed (left) and an adaptive (right) training
set. The maximum error is 0.046 resp. 1.29 ·10−4. While the error tolerance is almost
satisfied in the latter case, it is clearly not the case for the former approach. Further,
the number of error evaluations is given in the following table:

Number of training point evaluations during greedy using adaptive training sets: 181’672
Number of training point evaluations during greedy using fixed training sets: 247’500

Thus, the adaptive version uses still less error estimator evaluations and is more
accurate in the region around the origin. Also, the error is more equally distributed.

Training points. Local approximation
spaces.

Radius. Sample points.

Fig. 8.13: Test 3: Training points, local approximation spaces for some specific pa-
rameter values, radii and sample points for greedy algorithm with adaptive training
set and N = 10.

9. Numerical results using a Galerkin-projection.

Numerical results (based on a L2-projection)

Local Greedy Approximations 21

Fixed training set. Adaptive training set.

Fig. 8.14: Test 3: Error distribution on a region around the origin of the greedy
version using a fixed (left) and an adaptive (right) training set.

Test 4. Finally, we present an example involving the full reduced basis frame-
work. We consider a two-dimensional steady convection-diffusion equation on Ω =
(0, 1)2. Homogeneous Dirichlet boundary conditions are imposed on the left, upper
and right boundary, i.e. on Γ0 = {(x, y) ∈ ∂Ω |x = 0, or x = 1, or y = 1}. On
the lower boundary, i.e. on Γg = {(x, 0) ∈ ∂Ω |x ∈ [0, 1]}, we impose the following
Dirichlet data

u(x, 0) = g(x) := xχ[0,0.5) + (−40 x + 21) χ[0.5,0.55] + (x− 1) χ[0.525,1],

(essentially a slightly regularized saw tooth function) where χX denotes the charac-
teristic function for the mono-dimensional region X. Thus, the boundary condition
presents a strong gradient between (0.5, 0) and (0.525, 0). Next, we introduce two
parameters, the diffusion coefficient ε = 10µ1 and the direction of the convection
parametrized by an angle µ2:

β(µ2) = (sin(µ2), cos(µ2))T.

Denoting the parameter vector by µ = (µ1, µ2) ∈ P = [−2.5, 0] × [−π/4,π/4], the
parametrized problem writes as: for any µ ∈ P, find u(µ) ∈ H

1(Ω) such that

−10µ1∆u(µ) +∇ · (β(µ2)u(µ)) = 0, in Ω, (9.1)
u(µ) = g, on Γg, (9.2)
u(µ) = 0, on Γ0. (9.3)

The solutions presents a convected near discontinuity, that is also subject to a diffusion
process, along a parametrized velocity field and parametrized diffusion coefficient. To
solve the truth problem, we use a finite element solver using a uniform quadrilateral
mesh and tensorized polynomials of degree 3 with mesh size h = 0.025. Different so-
lutions corresponding to different parameter values are illustrated in Figure (9.1) and
we highlight that the discretization is fine enough in order to avoid strong oscillations
due to under-resolution related to the dominant convection for all parameter values.
For the error computation/estimation that is used in the greedy algorithm, we use for

Error:

f(x;µ) = exp
�
− (x1 − (µ1 + 3µ2))2

0.1 + 5|µ1 + 3µ2| −
(x2 − (3µ1 − µ2))2

0.1 + 5|3µ1 − µ2|

�
,

x ∈ Ω = (−1, 1)2,

µ ∈ P = [−0.5, 0.5]2.
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that have to be made in a future work. As can be seen in Algorithm 4, the on-line

stage consists of three steps: 1) Finding the N closest sample points, 2) effecting the

on-line ortho-normalization and 3) solving the linear system. In Table 9 the average

computing times over a sample of 10’000 random parameter values are given and the

computations are done in Matlab restricting the computations to a single thread using

a MacBook Pro with an Intel Core i7 processor with 2.66 GHz. We observe that the

proposed locally adaptive greedy algorithm for N = 20 basis functions is significantly

slower by about one order of magnitude than the standard greedy algorithm using

N = 121 basis functions. While solving the linear system is of course faster for 20

unknowns than for 121, most time is spent by finding the closest sample points and

by effecting the ortho-normalization. Certain improvements can certainly be done

respecting the implementation of the proposed algorithm such as building a tree-like

structure in the parameter space that indicates the considered sample points that

might be used in each box. This tree can be constructed off-line. At the on-line stage

and for a given parameter value µ one has to identify the box that contains µ and then

searching for the N closest basis functions only among the sample points proposed by

the selected box. Further, the triangular nature of the matrix γ in the on-line ortho-

normalization process can be exploited. In addition, the error estimation/certification

is the most expensive part in most cases of the on-line stage of the reduced basis

method. These computation times have not be accounted for since we worked with

the exact error computation. Summarizing, these computation times indicate possible

bottlenecks of the present approach but do not show the entire truth.

µ = (−2.5,−π/4). µ = (−2, 0). µ = (−1, π/4).

Fig. 9.1: Test 4: Truth solutions for different parameter values which consist of the

diffusion coefficient and the direction of the convection field.

10. Conclusions. We presented a framework that can be seen as a generaliza-

tion of the classical greedy algorithm that is widely used in reduced basis methods.

The presented algorithm introduces local approximation spaces (in the parameter

space) that also account for local anisotropic behavior instead of a global approach.

The key idea was to consider the N closest basis functions (for a fixed N) where

the distance is measured in an empirically built distance function which can be con-

structed on the fly and which is problem-dependent. In consequence, the number

N of basis functions considered for an approximation is user controlled. Further,

it is proposed to optionally place the training set uniformly distributed in this em-

pirically constructed (approximative) metric space. Numerical tests illustrate the

characteristics of this approach. In our future work, the emphasis will be shed on the

implementation of this algorithm for high dimensional parameter spaces, the main

Consider the 2D convection-diffusion equation with parametrized diffusion coef-
ficient and convection field:

−10µ1∆u(µ) +∇ · (β(µ2)u(µ)) = 0, in Ω,

u(µ) = g, on Γg,

u(µ) = 0, on Γ0.Diffusion coefficient

angle of convection field

regularized discontinuity

Q3-FEM used as a truth solver.
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Local approximation spaces. Radius. Sample points.

Fig. 9.2: Test 4: Local approximation spaces for selected parameter values (left),
radius as a function of the parameters (middle) and sample points (right) for N = 20
for the version using a fixed training set.

Training points. Local approximation
spaces.

Radius. Sample points.

Fig. 9.3: Test 4: Adaptive training set, local approximation spaces for selected pa-
rameter values, radius as a function of the parameters and sample points for N = 20
using the version using an adaptive training set.

challenge in this direction will be to design properly a set of equi-distributed points
with an adapted non isotropic metric (in particular our current implementation).
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o Challenge: Finding nearest neighbors is time-intensive.
o Generalization to higher dimensions (in parameter space) needed. FreeFem
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o Strategy: Take a small number of training points in the beginning of the

algorithm, explore the local geometries of the problem and place more and
more points equidistantly in the problem dependent metric.



Conclusions

o We presented a new framework for the greedy algorithm/reduced basis
method based on local approximation spaces.

o Designed to be able to work well even for high-dimensional parameter
spaces, but not yet tested numerically.

o Challenges at this point:

i) On-line computation times need to be reduced to be a valid alternative
to the standard greedy on low-dimensional parameter spaces.

ii) How to sample points uniformly in a given metric? In particular for
high-dimensional parameter spaces.
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