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Then if H(µ) = V Λ V
T , define the metric tensor M(µ) = V |Λ| V T .
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2. Construction of distance function: Given µ1,µ2 ∈ P:

a) If γ : [0, 1] → P denotes a parametrization of the geodesic (in the metric
M(µ)) linking µ1 with µ2, the distance is defined by

de(µ1,µ2) =
� 1

0

�
(γ�(t))T M(γ(t))γ�(t) dt.

In practice, this is not computable in a fast manner.

b) Approximate the above integral by means of the trapezoidal rule and ap-
proximating that γ�(t) ≈ (µ2 − µ1) for t = 0, 1 to obtain:

d(µ1,µ2) =
1
2

�
(µ2 − µ1)T M(µ1) (µ2 − µ1)+

1
2

�
(µ2 − µ1)T M(µ2) (µ2 − µ1)
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Adaptive training set 

Goal: Ξtrain is the representative point-set on which the accuracy of the re-
duced basis is tested, i.e. the reduced basis is trained to respond accurately on
the training set Ξtrain.

Idea: Given the empirically built metric space, we place the training points uni-
formly in the empirical metric (and not uniformly in the Euclidian metric)

Illustration:

Adaptive training set generated using FreeFem++.

Problem: Ξtrain has to be finite, not too large in order the greedy algorithm
is not too lengthy, not too small in order to represent well the parameter space P.



Overview of algorithm

Off-line:

Input: N

Output: K, SK

1. Choose µ1 ∈ P randomly and compute uδ(µ1), take a initial uniform (in the

Euclidian metric) grid Ξtrain.

2. For each µ ∈ Ξtrain, do (parameter space search)

a) Compute the RB-approximation uN (µ) based on the local approx. spaces.

b) Compute the error estimate η(µ) to estimate �uN (µ)− uδ(µ)�V.

c) Update the Hessian matrix Hij(µ).

4. Enrich the set of basis functions: choose new sample points µ�
added to SK .

Compute the corresponding basis functions uδ(µ�
).

5. Create a new training set Ξtrain using the updated Hessian.

6. Go to 2. until tolerance tol is achieved.
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Overview of algorithm

Remarks:
o At the end, for any µ ∈ Ξtrain we can find an approximation with N basis

functions that achieves the tolerance accuracy.
o The cardinality of Ξtrain can be small in the beginning and be increased

with improved accuracy.
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Overview of algorithm

SK

µ

On-line:
Input: SK , µ
Output: uN (µ)

1. Find the N closest sample points µ̃ ∈ SK of µ to form Sµ.
2. Build the local approximation space Wµ = span{v(µ̃) | µ̃ ∈ Sµ}.
3. Solve: find uN (µ) ∈ Wµ such that

a(uN (µ), v;µ) = f(v;µ), ∀v ∈ Wµ.



Numerical results (based on a L2-projection)

f(x;µ) = exp
�
− (x1 − (µ2

1 + µ2
2))2

0.01
− (x2 − (µ2

1 + µ2
2))2

0.01

�
,

x ∈ Ω = (−1, 1)2,

µ ∈ P = [−0.5, 0.5]2.

N = 5
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Fig. 8.3: Test 2: Accuracy with respect to the number of truth solutions to be com-
puted in comparison with the isotropic approach (left) and the for different end tol-
erances (right). In both cases there holds N = 5.

Local approximation spaces. Radius. Sample points.

Fig. 8.4: Test 2: Local approximation spaces for selected parameter values (left),
radius as a function of the parameters (middle) and sample points (right) for the
presented approach (top) in comparison wit the isotropic version (bottom) for N = 5.

The local approximation spaces, the radius and the sample points with N = 10
are presented in Figure 8.7. We observe a posteriori that the training space Ξtrain

was not sampled fine enough. Indeed in the region around the origin (and the cross
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