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Outlook of the talk:

• Introduction and motivation: Primal and dual methods; FETI-DP.

• Introduction of a mortar FETI-DP method.

• Some numerical tests.

• Comments and references.

• Application to Stokes equations.

• Some results.
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Tomás Chacón Rebollo, Christine Bernardi, Vivette Girault, Daniel Franco Coronil and
the finantial support from the Spanish government MEC Research Project MTM2006-02175.

Finally, I thank Professor Frédéric Nataf for hosting me these few days in the Lab. It is an
honor to me.
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Example I: A primal method: Schur complement... want u on Γ

Given f ∈ L2(Ω) and (v, w)0,Ω =
∫

Ω v w dx

Want u ∈ H1
0(Ω) s.t. (∇u,∇v)0,Ω = (f, v)0,Ω, ∀v ∈ H1

0(Ω) (1)

For a finite element approximation the degrees of freedom on
◦
Ω, u = (u♦, u�, u•)

′ satisfy: A♦,♦ 0 A♦,Γ
0 A�,� A�,Γ

A′♦,Γ A′�,Γ AΓ,Γ

 u♦
u�
u•

 =

 b♦
b�
b•

⇒ S u• = b̂•

where S is the Schur complement matrix for AΓ,Γ and we use
that the block matrices A♦,♦, A�,� are invertible.

This provides a domain decomposition procedure BUT

• Condition number O(nΓ) = O(h−1)...S needs preconditioning

• size of S is nΓ × nΓ inherited from surface meshes...are all these dofs on Γ needed??

• What is more natural to compute on Γ??: uΓ or ∂nuΓ?? (1) provides ∂nuΓ but not uΓ
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Example II: A dual method: want ∂nu on Γ

How to extract info from the interface Γ?:

On each Ωs  H1
?(Ωs) = {vs ∈ H1(Ωs); vs = 0 on ∂Ωs \ Γ} and look for us ∈ H1

?(Ωs) s.t.

2∑
s=1

(∇us,∇vs)Ωs =

2∑
s=1

(f, vs)Ωs
, ∀vs ∈ H1

?(Ωs), restricted to u2 = u1 on Γ.

Proper meaning of u2 = u1 on Γ??: u2 − u1 ∈ H1/2
00 (Γ) then

u2 − u1 = 0 ∈ H1/2
00 (Γ)⇔ < g, u2 − u1 >−1/2,00,Γ= 0, ∀g ∈ H−1/2

00 (Γe).

Reminder: g ∈ H1/2
00 (Γ) ⇔ g̃ ∈ H1/2(O) for O ⊂ R2 Lipschitz open domain s.t. Γ ⊂ ∂O

where

g̃ =

{
0 on ∂O \ Γ
g on Γ

H
1/2
00 (Γ) is Hilbert with the norm

‖g‖1/2,00,Γ = inf{‖v‖1,O; v ∈ H1(O), v = g̃ on ∂O}

and H
1/2
00 (Γ) $ L2(Γ) (strictly contained).
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Example II (cont.): A dual method: want ∂nu on Γ

Then
u2 − u1 = 0 ∈ H1/2

00 (Γ)⇔ < g, u2 − u1 >−1/2,00,Γ= 0, ∀g ∈ H−1/2
00 (Γe)

leads, introducing a Lagrange multiplier, to the saddle point problem:

Then, with same partition, we look for us ∈ H1
?(Ωs) and λ ∈ H−1/2

00 (Γ) s.t.

2∑
s=1

(∇us,∇vs)Ωs+ < λ, v2 − v1 >−1/2,00,Γ =

2∑
s=1

(f, vs)Ωs
, ∀vs ∈ H1

?(Ωs) (2)

< µ, u2 − u1 >−1/2,00,Γ = 0, ∀µ ∈ H−1/2
00 (Γ) (3)

The unique solution u = us on Ωs solves (1) and λ = ∂nu on Γ.

(2)-(3), also known as Hybrid formulation, allow independent discretizations for
u1,u2 and λ.
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Example II (cont.): Construction of dual problem

Dof for u on
◦
Ω are u1 = u♦ and u2 = u�. New dof for λ, λΓ

which may or may not! correspond to a mesh on Γ.

Plug u1 =

n1∑
i=1

u♦,iϕ
♦
i , u2 =

n2∑
i=1

u�,iϕ
�
i , and λ =

nΓ∑
i=1

λΓ,iΦ
Γ
i into

2∑
s=1

(∇us,∇vs)Ωs+ < λ, v2 − v1 >−1/2,00,Γ =
2∑

s=1

(f, vs)Ωs
, ∀vs

< µ, u2 − u1 >−1/2,00,Γ = 0, ∀µ

Then, with (A♦,♦)i,j = (∇ϕ♦i ,∇ϕ♦j )Ω1
, (U♦,Γ)i,j = < ΦΓ

j , ϕ
♦
i >−1/2,00,Γ and so on... A♦,♦ 0 −U♦,Γ

0 A�,� U�,Γ
−U ′♦,Γ U ′�,Γ 0

 u♦
u�
λΓ

 =

 b̃♦
b̃�
0

⇒ G λΓ = dΓ

Size of G is nΓ × nΓ does not depend on the surface meshes on Ω1 and Ω2.

This is a domain decomposition procedure, but also explicit construction of G is possible,
Milo R. Dorr [5] (1988).
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Example II (cont.): Some remarks...

• We compute first λ = ∂nu and then us. That is why is called a dual method:
λ = ∂nu is the dual variable and u is the primal variable.

• Since we work with elliptic problems λ = ∂nu is usually very smooth. Then, a small
number of suitable algebraic or trigonometric (piecewise) polynomials, could be used to
approximate λ, hence nΓ can be very small (Milo R. Dorr [5] (1988)).

• Does not care about matching meshes on Γ with the mortar condition

(3) < µ, u2 − u1 >−1/2,00,Γ= 0, ∀~µ ∈ H−1/2
00 (Γ).

• Different discretizations for µ, u2, u1 on Γ yield different mortar methods...call the experts!

• Usually (3) it is written via L2 scalar product on Γ

< µ, u2 − u1 >−1/2,00,Γ=

∫
Γ
µ(s)(u2(s)− u1(s)) ds.

• Other ways?? Whenever continuity at the endpoints is maintained.

Yes, using scalar product on H
1/2
00 (Γ).
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PLAN ]1: Mortar in H
1/2
00 (Γ)

For simplicity, take Γ = [0, 1], when v, w ∈ H1/2
00 (Γ) the expression

(w, v)1/2,00,Γ =

∫ 1

0
w(x) v(x)dx+

∫ 1

0

∫ 1

0

(w(x)− w(y)) (v(x)− v(y))

| x− y |2
dxdy +

∫ 1

0

w(x) v(x)

x (1− x)
dx

is a scalar product. The norm ‖v‖2
1/2,00,Γ = (v, v)1/2,00,Γ is equivalent to that in H

1/2
00 (Γ).

Standard Gaussian quadrature formulae and linear change of variables allow any segment Γ.

By Riesz Representation Theorem R : H
−1/2
00 (Γ)→ H

1/2
00 (Γ) an isometry

< µ, v >−1/2,00,Γ= (Rµ, v)1/2,00,Γ,∀µ ∈ H−1/2
00 (Γ), v ∈ H1/2

00 (Γ).

Then, the proposal is the use of this expression in the mortar condition:

< µ, u2 − u1 >−1/2,00,Γ= (Rµ, u2 − u1)1/2,00,Γ.

Possible whenever continuity at the endpoints is maintained.

Better behaved with respect to H1 norm than scalar product on L2(Γ).
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FETI-DP method (Farhat et al. [8] 2001.)
Finite Element Tearing and Interconnecting -Dual Primal

For matching substructures let Ks, us and f s the stiffness matrix, dofs and force vectors
associated to each one

Let uc dof at crosspoints and usr = (usr,I, u
s
r,b)
′

be the remaining dof on each struture

Ensamble us by continuity:

←→  strong continuity at uc
· · · · · ·  weak continuity for each usr,b:
A point-to-point Lagrange multiplier is used
at each · · · · · ·

We obtain

(
K̃ B
BT 0

)(
u
λ

)
=

(
f
0

)
⇒ (BT K̃−1B)λ = BT K̃−1f (4)

K̃ has arrowhead structure and B is boolean, i.e., BT u = 0⇔ usr,b − u
q
r,b = 0, on ∂Ωs ∩

∂Ωq. Schur process + preconditioning follows for (BT K̃−1B)λ = BT K̃−1f .

Continuity at end points is preserved...PLAN ]1 applies (?)...need mortar condition

Why terminology Dual Primal ?? We impose the primal dof uc and also solve the dual problem (4).
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Purpose of this presentation

We introduce a mortar FETI-DP method where:

• A conforming substructuring of the computational domain (structure) is performed.

• The interface continuity restrictions are replaced via mortar in H
1/2
00 .

• The standard boolean matrices for the Lagrange multipliers are replaced by the stiffness
matrix for this scalar product.

• The ellipticity is improved or stabilized by including the jumps across interfaces.

As a consequence

• Dual problem is mesh independent; No preconditioning is needed. The
trace scalar product acts like a built-in preconditioner. Smaller errors (!?)

• Price to Pay: a coupling of neighboring subdomains appears at the interface dof.
Still a parallel computation is possible (Red-Black ordering of subdomains).

• The Nice Thing: Without coupling we obtain a mixture of mortar and FETI-DP
with the optimal sublogarithmic condition number (1+log2(H/h)) via a simple analysis.
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Model problem in R2

 −∆u = f in Ω
u = 0 on ΓD

∂nu = 0 on ΓN 6= ∅.

Find u ∈ H1
ΓD(Ω) s.t. ∀ v ∈ H1

ΓD(Ω)

(∇u,∇v)Ω = (f, v)Ω

where

H1
ΓD(Ω) = {v ∈ H1(Ω); vΓD = 0}.

Set Ω = ∪Ns
s=1Ω

s, each Ωs polygonal.

• Cross points: all vertices of Ωs

not on ΓD.

• Edges: E0 = {Γe}e=1,..,Ne
all

edges inside Ω \ ΓD and [v]Γe is
the jump across any Γe.

• | Ωs |∼ H2, | Γe |∼ H
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Model problem in R2 (cont.):
Or how local FETI-DP discrete solutions are patched together

• Continuity at cross points gives jumps in H
1/2
00 (Γe).

• continuity imposed node-wise on each boundary dof not a cross-point:

usb − u
q
b = 0, on ∂Ωs ∩ ∂Ωq.

How to interpret this?

• An L∞(Γe) restriction?

• A mortar with Dirac deltas at points on Γe?

• A mortar with L2 scalar product for P1 restrictions on Γe?

How about mortar in H
1/2
00 (Γe) ? That is the natural one

(ϕ, [u]Γe)1/2,00,Γe = 0, ∀ϕ ∈ H1/2
00 (Γe)⇔ < g, [u]Γe >−1/2,00,Γe= 0, ∀g ∈ H−1/2

00 (Γe).

Advantage: Well behaved with respect to the H1 norm.

For matching grids this is a kind of Mortar FETI-DP method: PLAN ]1 applies
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Model problem in R2 (cont.)
Or where does the primal variable for FETI-DP discrete solutions live?

Ωs  H1
b (Ωs) = {vs ∈ H1(Ωs); vs = 0 on ∂Ωs ∩ ΓD}, 1 ≤ s ≤ Ns,

Ω  X = {v ∈ L2(Ω); vs = v|Ωs ∈ H1
b (Ωs), [v]Γe ∈ H

1/2
00 (Γe), ∀Γe ∈ E0}

Hilbert space normed by ‖v‖2
X = (v, v)X where (·, ·)X is the scalar product

(u, v)X =

Ns∑
s=1

(∇us,∇vs)Ωs +
∑
Γe∈E0

([u]Γe, [v]Γe)1/2,00,Γe, u, v ∈ X.

This is the natural space where the discrete FETI-DP solution lives!

Remark: Xδ = {v ∈ L2(Ω); vs = v|Ωs ∈ H1
b (Ωs)} broken Sobolev space normed by

‖u‖2
Xδ

= (u, u)Xδ
with (u, v)Xδ

=
∑Ns

s=1(∇us,∇vs)Ωs, u, v ∈ Xδ.

Problem : ‖ · ‖X stronger than ‖ · ‖Xδ
on X.

We have H1
ΓD(Ω)  X  Xδ but X is not Hilbert with ‖v‖2

Xδ
= (v, v)Xδ

.

Trouble: Lack of control on jumps in H
1/2
00 (Γe) with ‖ · ‖Xδ

Cause: Internal cross points
Cure: Use ‖ · ‖X
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Model problem in R2 (cont.)
Or where do the Lagrange multipliers live?

Identify via Riesz M =
∏

Γe∈E0
H
−1/2
00 (Γe) ≡

∏
Γe∈E0

H
1/2
00 (Γe) and define

b(v, ~λ) =
∑
Γe∈E0

< λe, [v]Γe >−1/2,00,Γe≡
∑
Γe∈E0

(λe, [v]Γe)1/2,00,Γe = ( ~[v], ~λ)M

Then, M is Hilbert with (·, ·)M and

H1
ΓD(Ω) = {v ∈ X ; b(v, ~λ) = 0, ∀~λ ∈M}.

b : X ×M → R is continuous and satisfies an inf-sup condition on X ×M

sup
~µ∈M

sup
v∈X

b(v, ~µ)

‖~µ‖M‖v‖X
= 1, inf

~µ∈M
sup
v∈X

b(v, ~µ)

‖~µ‖M‖v‖X
≥ β > 0.

The same uniform in h inf-sup condition holds on a Galerkin internal approximationXh×Mh

of X ×M thanks to the extension theorems (see Ben Belgacen [1] and Bernardi et al. [2]
for instance).

~λ are the Lagrange multipliers associated to the nullity of the jumps.
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Model problem in R2 (cont.):
Or how do we control the jumps? PLAN ]2

We propose to look for (u,~λ) ∈ X ×M such that for all (v, ~µ) ∈ X ×M
Ns∑
s=1

(∇us,∇vs)Ωs +
∑
Γe∈E0

([u]Γe, [v]Γe)1/2,00,Γe︸ ︷︷ ︸
=(u,v)X

+
∑
Γe∈E0

(λe, [v]Γe)1/2,00,Γe =

Ns∑
s=1

(f, vs)Ωs, (5)

∑
Γe∈E0

(µe, [u]Γe)1/2,00,Γe︸ ︷︷ ︸
( ~[u],~µ)M

= 0. (6)

u ∈ H1
ΓD(Ω) solves original problem; ~λ = {λe}e; λe the Riesz image of ±∂neu ∈ H

−1/2
00 (Γe).

Remark: Use of
∑Ns

s=1(∇us,∇vs)Ωs (Bernardi et al.[2], BCC fron now on) instead of (u, v)X ,
does not give control on the jumps. ‖u‖2

Xδ
and ‖u‖2

X are not equivalent on X but

they are equivalent on a finite element subespace Xh ⊂ X using Mh = (Xh)|E0
.

The well-known (Klawonn and Widlund, (2000) [9]) condition number (1 + log2(H/h)) pops
up using results by Mandel and Tezaur [10] (2001). As a consequence:

BCC =FETI-DP with optimal precondicioning.
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Model problem in R2 (cont.)
Or how everything goes smooth now...

Our problem is find (u,~λ) ∈ X ×M such that

Ru + B?~λ = F on X? (7)

B u = 0 on M, (8)

R : X 7→ X? is the Riesz isomorphism < Ru, v >X?,X= (u, v)X, ∀u, v ∈ X,
B : X 7→M is Bv = ([v]Γe)Γe∈E0

, and B? : M 7→ X? is the transpose of B.
F : X 7→ R is < F, v >X?,X=

∑Ns

s=1(f, v
s)Ωs = (f, v)Ω.

Our dual problem is: (BR−1B?)~λ = BR−1F on M.

BR−1B? is SPD. The Conjugate Gradient Method applied in the space M , i.e., using (·, ·)M
is the choice.

Thanks to PLAN ]1 and ]2, as long as we have a uniform w.r.t. h discrete inf-sup estimate
we have a uniform in h condition number for the discrete dual problem

κ = κ(BR−1B?) ≤ 1

β2
. (9)



First Prev Next Last Go Back Full Screen Close Quit

Model problem in R2 (cont.)
Or where we are now

• This idea improves the standard bound C (1 + log(H/h))2 for FETI-DP with optimal
preconditioner

• no need for a preconditioner: it is built-in.

Drawback: R couples at the interfaces neighboring subdomains:

< Ru, v >X?,X= (u, v)X =

Ns∑
s=1

(∇us,∇vs)Ωs +
∑
Γe∈E0

([u]Γe, [v]Γe)1/2,00,Γe, ∀u, v ∈ X.

Still: A parallel computation using Red-Black substructe ordering is possible.

Remark: Just
∑Ns

s=1(∇us,∇vs)Ωs, as in BCC, decouples.

We have BCC=FETI-DP with optimal preconditioner

The theoretical need to control the discrete jumps gives back C (1 + log(H/h))2 for the
condition number.

This is not practically relevant as long as H/h remains constant, but still it seems more
accurate.
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Numerical test: Four subdomains with an internal cross point

We solve−∆u = f in Ω, u = 0 on ∂Ω where u(x, y) = (x2−1)(y2−1)(x−0.5)(y−0.5).

For u ∈ Xh we have u =
∑4

s=1

∑nts

j=1 α
s
jϕ

s
j + αpφp, u(P ) = αp.

Colored triangles are support for φp.
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Convergence to the global Galerkin solution

Methods New, BCC and FETI-DP without preconditioning. Decoupling linear systems
with block-Jacobi and block-SOR with w = 1.3.
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Convergence to the True solution

Methods New, BCC and FETI-DP without preconditioning. Decoupling linear systems
with block-Jacobi and block-SOR with w = 1.3.



First Prev Next Last Go Back Full Screen Close Quit

Number of iterations used to decouple linear systems

The very first value is for the computation of the initial residual r0 and the rest for the
directions pk for k = 0, 1, 2, 3, 4.
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Parallel computation strategy

It can be observed that with block-Jacobi the number of these iterations for r0 depends on
the size of h while with block-SOR does not. These numbers remain independent of h, with
a smaller cost using block-SOR as expected; a mixed technique could be devised then:

1. compute first r0 sequentially with block-SOR and then

2. proceed in parallel with block-Jacobi.

How about cpu time?

At least for this example, our new method is not more expensive in time than BCC.

Total cpu Total cpu Partial cpu Partial cpu
with New with BCC with New: 3 iters. with BCC: 6 iters.

h=1/8 0.024 s. 0.016 s. 0.016 s. 0.012 s.
h=1/16 0.172 s. 0.144 s. 0.152 s. 0.13 s.
h=1/32 5.87 s. 5.69 s. 5.47 s. 5.55 s.
h=1/64 308.77 s. 309.12 s. 301.8 s. 306.21 s.

Table 1: The total cpu time (in seconds) is the one to obtain a relative error
between consecutive multipliers less than 10−5; the partial cpu time is the
one to obtain a relative error between the global P1 Galerkin solution and the
computed one less than 10−5.
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New method compared with BCC

Four subdomains with cross point, h = 1/32
Left New method—Right BCC (FETI-DP with optimal preconditioning)
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Aplication to Incompressible Stokes: First results...
(In colaboration with Daniel Franco Coronil)

Want u and p such that

−∆u +∇p = f, Ω,

div(u) = 0, Ω,

u = 0 ∂Ω.

Set H1
0(Ω) = (H1

0(Ω))2 and L2
0(Ω) = {p ∈ L2(Ω);

∫
Ω p = 0}.

Want u ∈ H1
0(Ω) p ∈ L2

0(Ω) such that

(∇u,∇v)Ω − (p, div(v))Ω = (f, v)Ω ∀ v ∈ H1
0(Ω) (10)

− (q, div(u))Ω = 0 ∀ q ∈ L2
0(Ω). (11)
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Aplication to Incompressible Stokes (cont.)

With X as before, M = L2
0(Ω) and N =

∏
Γe∈E0

H
1/2
00 (Γe).

Find (u, p, ~λ) ∈ X ×M ×N such that for all (v, q, ~µ) ∈ X ×M ×N
=(u,v)X︷ ︸︸ ︷

Ns∑
s=1

(∇us,∇vs)Ωs +
∑

Γe∈E0

([u]Γe
, [v]Γe

)1/2,00,Γe
+

=b(p,v)︷ ︸︸ ︷
Ns∑
s=1

−(ps, div(vs))Ωs +

=c(v,
−→
λ )︷ ︸︸ ︷∑

Γe∈E0

(λe, [v]Γe
)1/2,00,Γe

=
∑Ns

s=1(f, vs)Ωs

b(u, q) = 0,
c(u, ~µ) = 0.

Here λe = ±Riesz Image of (∂neu− p ne) on each Γe.

As before

{
Ru+B?p+ C?λ = F, in X?

B u = 0, in M?

C u = 0, in N.
⇒ S λ = ξ, in N.

There exist independent uniform inf-sup condition and again S is SPD with

(S λ, λ)N ≥ δ2 ‖λ‖2
N , ∀λ ∈ N, δ2 =

γ2 β2

2(β2 + 1)

for β inf-sup constant for b in (X,M) and γ inf-sup constant for c in (X,N).
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Aplication to Incompressible Stokes (cont.)
Numerical test same domain: four subdomains and one cross-point

u(x, y) = 10 y(y−1)(2y−1)x2(x−1)2, v(x, y) = −u(y, x), p(x, y) = (x−0.25)2(y−0.25)

Stop iterative process in m when
‖λm+1 − λm‖N
‖λm+1‖N

≤ 10−5.

Relative errors:

‖∇(u− uh)‖0,Ω

‖∇u‖0,Ω

‖∇(u− uNew
h )‖0,Ω

‖∇u‖0,Ω

‖∇(uh − uNew
h )‖0,Ω

‖∇uh‖0,Ω

‖p− ph‖0,Ω

‖p‖0,Ω

‖p− pNew
h ‖0,Ω

‖p‖0,Ω

‖ph − pNew
h )‖0,Ω

‖ph‖0,Ω

h=1/12 0.0039 0.004 0.0008 0.032 0.0345 0.011
h=1/24 0.00077 0.00077 0.00012 0.00727 0.00742 0.0011
h=1/48 0.000203 0.000204 0.000021 0.00179 0.00181 0.00021

Decoupling is performed with Block-SOR.

CG Iterations Iter 0 Iter 1 Iter 2 Iter 3 Iter 4 Iter 5 Iter 6 Iter 7
Uncouple with ... ... ... ... ... ...

h=1/12 15 14 14 13 9 7 4 2
h=1/24 17 20 21 15 12 9 5 3
h=1/48 24 27 27 19 16 11 8 4

• Iter 0: CG Iteration for λ0 = 0

• All the rest are iterations for computing the directions in the CG process.

Still dependency upon h on the decoupling...(?) check out this!
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Remarks on general FETI-DP+ Mortar method
(matching and non matching grids)

• Introduced by Dryja and Widlund [6] (2003). It was (kind of) hinted also by Farhat and
Geradin [7] (1992) following the work by Dorr [5] (1988) with promising results but had
no continuation. Why??

• They used scalar product in L2(Γ) with algebraic or trigonometric, polinomials, local
or global, on the interfaces to reduce greatly the size of the dual problem. It could be
interesting to see the behavior of H

1/2
00 scalar product in this case.

• The stabilization idea was also consider by Bernardi (could not find the reference!) and
Braess et al. [3] (1999) to control jumps.

• The use of the space X was also considered by Ben Belgacen [1] (1999) and Braess et al.
[3] (1999), but the norm on X was not considered for practical purposes
(that is the stabilization + coupling issue).

Future:

1. Multidomain computations

2. Aplication to Stokes and Navier-Stokes

3. Contrast with other methods
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Thank you for your attention (?)


