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Abstract

Unstructured mesh adaptation is now widely used in numerical simulations to improve the accuracy of the solutions

as well as to capture the behavior of physical phenomena. In this paper, we propose a general purpose error estimate

based on the interpolation error that produces an anisotropic metric map used to govern the mesh element creation.

Application examples of CFD computations are given to emphasize the efficiency of this approach.
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1. Introduction

Nowadays, in the context of numerical simulations based on finite elements (or finite volumes) methods,

unstructured mesh adaptation has largely proved its efficiency for improving the accuracy of the numerical

solution as well as for capturing the behavior of physical phenomena. In principle, this technique allows (i)
to substantially reduce the number of degrees of freedom, thus impacting favorably the cpu time and (ii) to

compute the numerical solution within a desired accuracy. Both these considerations combined with the

always increasing performances of the computers allow to envisage the simulation of complex three-dimen-

sional phenomena on current workstations with a reasonable level of accuracy and without having to resort

to concurrent algorithms on parallel architectures.

Schematically, a mesh adaptation method relies on an error estimate that converts the numerical

(approximation) error into a piece of information that can be efficiently used by the other stages of the mesh

adaptation scheme [3]. More specifically, if we consider h-methods, this information corresponds to local
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sizing and stretching constraints for the mesh elements. In other words, there is an a posteriori correlation

between the error on the numerical solution and the local mesh element size [4]. The aim is thus to equi-

distribute the error over the mesh by adjusting locally the element size. By repeating this procedure, a

‘‘limit’’ mesh is obtained that leads to a numerical solution at the desired accuracy.

In this paper, we will focus on the construction of a general purpose error estimate that allows to define
an anisotropic metric map [10]. With this map, anisotropic mesh elements can be created that lead to reduce

the number of degrees of freedom to solve the problem as compared to the equivalent isotropic mesh (at the

same level of accuracy).

Formally speaking, we consider a general PDE problem defined on a bounded domain X of R3 and we

denote u the exact solution. The solution uh is obtained using a classical finite element or finite volume

method based on a spatial discretization Th of the domain, a mesh. Regarding mesh adaptation, the prob-

lem consists in computing the approximation error eih ¼ u� uih between the exact solution and the numeri-

cal solution at step i on the mesh Ti
h. Using this error, we are willing to control the generation of a mesh

Tiþ1
h on which the error eih (computed on this mesh) is bounded by a given tolerance value.

From the practical point of view, the approximation error is usually significantly difficult to quantify

and, moreover, is intrinsically dependent of the problem at hand (the analysis must be totally adapted even

if the equation slightly changes). Therefore, we advocate an indirect approach to estimate the approxima-

tion error. Let Phu denotes the linear interpolate of u on an element of Th and let ~eh ¼ u� Phu represents

the interpolation error. Using Cea�s lemma (established for elliptic problems, although we will show that

this approach works well for hyperbolic problems, too), we know that [13]:
ku� uhk 6 cku� Phuk.

Hence, it will be possible to control the approximation error by controlling the interpolation error, as the

numerical solution converges towards the exact solution as the mesh size vanishes. This being stated, the

main stages of this approach concern:

• the construction of a suitable interpolation error estimate,

• the definition of an anisotropic metric map,
• the adaptation of a mesh to the sizing and stretching constraints of the metric map.

All these points will be discussed in the following sections and examples of computational meshes will be

supplied to illustrate the efficiency of the proposed approach.
2. An estimate based on the interpolation error

In many engineering applications, one of the most challenging problem is to reduce the number of de-

grees of freedom while preserving the desired level of accuracy for the numerical solution. Following the

analysis suggested by Anglada et al. [2], we will indicate how to bound the interpolation error for piecewise

linear simplicial elements in R3. This bound will be used later to characterize the elements of an adapted

mesh. This estimate can be described as a geometric error estimate, as it is independent from the nature

of the problem to solve and can be used for various types of equations (Navier–Stokes, advection–diffusion,

thermal conductivity, waves propagation, etc.).

2.1. An upper bound on the interpolation error

Asmentioned before, we used an indirect approach tomeasure the error ku � uhk [1]. For elliptic problems,

it has been proved (Céa�s lemma [13]) that the approximation (finite element) error can be bounded by the
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interpolation error ei : keik 6 cku � Phuik, where Phui is the interpolate of u on the meshTi , k Æk is a norm of

R3 and c a constant independent of the current mesh Ti . Here, we assume that this relation still holds in the

class of problems envisaged (e.g., hyperbolic). Actually, similar analysis based on the interpolation error show

(practically) that the link between the interpolation error and the approximation error is even stronger than

the bound given by Céa�s lemma. The interpolation error is indeed a reasonable way of defining an error esti-
mate according to [15]. As the analysis and construction of a two-dimensional error estimate has been thor-

oughly detailed in a research report [1], we will then focus on the three-dimensional case here.

We consider a simplicial unstructured mesh with the following notations:

• K = [a,b,c,d] is a tetrahedron, such that its diameter is not too small (i.e., hmax > e),
• u : R3 ! R is a (regular) function that represents the solution of our problem,

• Phu is the interpolate of u on the element K defined by the parameterization Phu = (1 � k � l � m)u(a) +
ku(b) + lu(c) + mu(d), with 0 6 k + l + m 6 1,

• u and Phu are supposed to coincide at the vertices of K.

The aim is to bound the error u � Phu on K. Following the analysis in two-dimensions, we use a Taylor

expansion with integral rest of the function e at a vertex of K (for instance a) with respect to any interior

point x in K:
ðu� PhuÞðaÞ ¼ ðu� PhuÞðxÞ þ hxa! ;rðu� PhuÞðxÞi þ
Z 1

0

ð1� tÞhax! ;Huðxþ t xa
!Þ ax!idt; ð1Þ
where $u(x) (resp. Hu(x)) denotes the gradient (resp. Hessian) of the variable u at point x. Actually, as we

assume that the maximal error is achieved at the point x (closer to a than to b, c or d ), then:
rðu� PhuÞðxÞ ¼ 0
and this is equivalent to
h~v;rðu� PhuÞðxÞi ¼ 0; 8~v � K.
Thus, if e(x) stands for the error, we have:
jeðxÞj ¼
Z 1

0

ð1� tÞhax! ;Huðxþ t xa
!Þ ax!idt

���� ����.

Let a 0 represents the point corresponding to the intersection of the line ax with the face opposite to a. It

exists a real number k such that ax
! ¼ kaa

! 0. As a is closest to x than any other vertex of K, then k 6 3/4. This

yields to write:
jeðxÞj ¼
Z 1

0

ð1� tÞk2haa! 0;Huðaþ t xa
!Þaa! 0idt

���� ����;
6

9

16
max
y2aa0

haa! 0;HuðyÞaa
! 0i

��� ��� Z 1

0

ð1� tÞdt
���� ���� ð2Þ
and then:
jeðxÞj 6 9

32
max
y2K

haa! 0;HuðyÞaa
! 0i

��� ���:

Finally, we can introduce the L1 norm of the interpolation error:
ku� Phuk1;K 6
9

32
max
y2K

haa0
!
;HuðyÞ aa0

!
i

���� ����.
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At this point, it can be of practical interest to introduce a metric tensor in the previous relationship. To

this end, the 3 · 3 Hessian matrix being symmetric, its absolute value can be decomposed as
jHuj ¼ RjKjR�1; with jKj ¼
jk1j 0 0

0 jk2j 0

0 0 jk3j

0B@
1CA; ð3Þ
where R is the eigenvectors matrix and {ki}i=1,. . .,3 denote the eigenvalues of this matrix. We obtain the fol-

lowing bound:
ku� Phuk1;K 6
9

32
max
y2K

aa
! 0; jHuðyÞjaa

! 0
D E

: ð4Þ
Notice that the previous relationship is not very useful in practice as the bound depends on the exter-

mum x that is not known a priori. However, it can be reformulated as follows [1]:
ku� Phuk1;K 6
9

32
max
y2K

max
~v�K

h~v; jHuðyÞj~vi. ð5Þ
This expression provides a bound in the case where the maximum error is achieved inside the element K.

If the maximum error is obtained on the element face, then we obtain:
ku� Phuk1;K 6
2

9
max
y2½a;b;c�

max
~v�½a;b;c�

h~v; jHuðyÞj~vi. ð6Þ
Similarly, for a maximum value obtained along an element edge, we have:
ku� Phuk1;K 6
1

8
max
y2ab

ab
!
; jHuðyÞj ab

!D E
. ð7Þ
In conclusion, relation (5) provides a proper bound for the interpolation error on an element K.

2.2. Numerical computation of the interpolation error

The previous section has led to an upper bound on the interpolation error on the following form:
ku� Phuk1;K 6 cd max
x2K

max
~v�K

h~v; jHuðxÞj~vi; ð8Þ
where cd is constant related to the space dimension. However, this bound is not very useful as the two maxi-

mum values that are involved are tedious to compute in practice. Hence, we introduce the edges of K to

replace the maximum value associated with all vectors included in K. As any vector~v of K can be written
as linear combination of the edges of K [1], it yields:
8~v � K; k~vkjHuðxÞj 6 max
e2EK

k~ekjHuðxÞj;
where EK is the set of edges of K. This allows us to write the previous bound in the following manner:
ku� Phuk1;K 6 cd max
x2K

max
e2EK

h~e; jHuðxÞj~ei. ð9Þ
However, the righ-hand side term remains difficult to compute numerically. To overcome this problem,

we assume that it exists a metric tensor MðKÞ such that:
max
x2K

h~e; jHuðxÞj~ei 6 h~e;MðKÞ~ei; 8e 2 EK
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and such that the region defined by: fh~v;MðKÞ~vij8~v � Kg is minimal in volume. In the following section,

we will detail how to compute precisely the metric field jHuj and how to construct the metric tensor MðKÞ.
Consequently, the interpolation error eK on an element K is given by the following relationship:
eK ¼ cmax
e2EK

h~e;MðKÞ~ei. ð10Þ
This relation relates the interpolation error to the square of the largest edge length in K (i.e., the diameter

of K ) with respect to the metric MðKÞ. In other words, controlling the length of the mesh edges will allow

to control the interpolation error on the mesh.

Remark 2.1. In the previous analysis, the computation of the interpolation error corresponds to the

computation of the distance between a piecewise linear approximation of a Cartesian surface and the

underlying surface. This is the justification for the term of geometric error estimate.
2.3. Application to mesh adaptation

From the estimation of the interpolation error given by relation (10), we can state that if the interpola-
tion error is fixed, the only variable left is the edge length. Hence, in mesh adaptation, we will try to adjust

mesh edges so that the interpolation error will be equidistributed over the adapted mesh. In other words, we

are willing to generate an optimal mesh, i.e., to obtain the desired error level with a minimum number of

degrees of freedom under fixed constraints [4]. We will now explain how to cope with this requirement.

Let e represents the maximum level of error tolerated on the mesh elements. The mesh edges must be

such that:
e ¼ ch~e;MðKÞ~ei; 8e 2 EK ;
where EK is the set of edges of K. Let MðKÞ ¼ c
e MðKÞ be the desired metric tensor, the previous relation-

ship leads to have:
h~e;MðKÞ~ei ¼ 1; 8e 2 EK . ð11Þ
This relation is equivalent to the definition of the edge length with respect to the metric MðKÞ. Actually,

the Euclidean norm of a vector ~u for a metric M (i.e., the scalar product) is defined as
k~ukM ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h~u;~uiM

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffi
t~uM~u

p

and the distance between two points is then given by
dMðA;BÞ ¼ lMðAB
�!

Þ ¼ kAB
�!

kM ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t AB
�!

MAB
�!

q
:

Therefore, the relation (11) is equivalent to
ðlMðKÞð~eÞÞ2 ¼ 1; ð12Þ
which prescribes edges of unit length for any edge of K in order to bound the interpolation error on K by a

value e.
To briefly summarize this analysis in one sentence, we can act that the relation (12) clearly introduces

the notion of unit mesh as the desired optimal mesh, i.e., the mesh on which the interpolation error is

equidistributed and bounded by a tolerance value e. Still, we have to explain how to construct the metric
tensor and the link between this metric tensor and mesh generation algorithms. This is the aim of the next

section.
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2.4. Construction of the metric tensor

A metric map on a bounded domain X is a data of infinite dimension that cannot be used for numerical

purposes as such. Hence, we use a discrete approximation of the metric based on the mesh as geometric

support. Usually, in the applications envisaged, the metric M is defined at the mesh vertices rather than
at mesh elements. From a discrete metric map defined at the vertices, a continuous metric field can be de-

fined using an interpolation scheme.

Let e denotes the desired (i.e., tolerated) interpolation error on the mesh elements and let hmin (resp.

hmax) be the minimal (resp. maximal) edge size for the mesh elements. According to the previous sections,

we define a 3 · 3 metric tensor at the mesh vertices as follows:
M ¼ ReKR�1; with eK ¼
ek1 0 0

0 ek2 0

0 0 ek3

0B@
1CA; ð13Þ
and
eki ¼ min max
cjkij

e
;

1

h2max

 !
;
1

h2min

 !
;

where R is the eigenvector matrix and the coefficients ki are the eigenvalues of the Hessian matrix Hu, Rela-

tion (3), and c is the constant defined in the inequality (9). Notice that this decomposition is made unique by

imposing conditions on the eigenvectors. The metric tensor defined by this relation is anisotropic by nature.
The principal directions are given by the eigenvectors and the associated sizes are prescribed by the coef-

ficients eki . Moreover, we have introduced bounds on minimal and maximal sizes in order to avoid unreal-

istic metric specifications (for instance, elements of infinite size may be required in regions where the

solution is linear, i.e., where the gradient is vanishing, leading to a null eigenvalue). The minimal size reveals

also useful for explicit schemes as the smallest mesh size defines the time step.

2.4.1. Relative error

The relation (9) gives an absolute bound on the interpolation error. However, for practical reasons, we
would rather like to consider a relative bound on this error and thus to define an estimate of the relative

error. The reasons for doing so are related to the nature and type of the variables considered for the metric

definition and also to the need to combine various variables together. In order to have dimensionless vari-

ables, we follow the ideas suggested by [11,22] and introduce a relative error as
u� Phu
juj�

���� ����
1;K

6 cd max
x2K

max
~e2EK

~e;
jHuðxÞj
juðxÞj�

~e
� �

;

where juj� = max(juj, �kuk1,X). Moreover, in numerical simulations, solutions vary from several orders of

magnitude (e.g., multi-scale phenomena, recirculations, shocks, etc.). It is often difficult to capture the

weakest phenomena via mesh adaptation, and even harder to do it when, for instance in CFD, shocks
are located within the flow region. A local error estimation can overcome this problem. Following the pre-

vious idea, the error estimate is also normalized using the local value of the gradient norm of the variable u,

weak phenomena can be captured even in presence of strong shocks. To this end, we suggest the following

error estimate:
u� Phu
ajuj� þ �hkruk2

���� ����
1;K

6 cmax
x2K

max
~e2EK

~e;
jHuðxÞj

ajuðxÞj� þ �hkruðxÞk2
~e

� �
; ð14Þ
where �h is the diameter (i.e., the length of its largest edge) of element K and 0 < a < 1.
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2.5. Operations on metrics

When several metrics are specified at the same vertex, a single metric tensor must be defined taking into

account all given metrics. To this end, a metric intersection procedure is used [1] and briefly recalled here.

Let M1 and M2 be two metric tensors given at a vertex P (represented by two ellipsoids), the metric tensor
M1\2 corresponding to the intersection of M1 and M2 must be such that the interpolation error for each

variable is bounded by the given tolerance value. To this end, we use the simultaneous reduction of the qua-

dratic forms associated with the two metrics (cf. Fig. 1). The two metric tensors being geometrically repre-

sented by the associated ellipsoids EMi , the ellipsoid EM of maximal volume included in the (geometric)

intersection of these two ellipsoids defines the desired metric tensor. Formally speaking, let us consider

the set Md of all metric tensors in Rd and let us define the ellipsoid associated with the metric M by
EM ¼ M j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t PM
�!

M PM
�!

q
¼ 1

( )
.

The metric M1\2 is then defined as
sup
Mi2Md

M j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t PM
�!

Mi PM
�!

q
¼ 1

� �
� EM1

\ EM2
;

where the sup symbol stands for the metric having the largest ellipsoid volume.

We now turn on to the following problem: let c = [P1P2] be a segment (i.e., a mesh edge) andM1 andM2

be two metrics associated with the endpoints of c. We are looking for an interpolated metric MðtÞ defined
along the parametrized segment c(t) = P1P2 for all t 2 [0, 1]. In addition, this metric must vary in a mono-

tonous manner along the segment. The construction of such metric boils down to interpolate the metrics
M1 and M2. This process allows to define a continuous metric field along the segment. It is easy to see that

such procedure will be useful to define a continuous metric field over the whole domain, from the discrete

metric map defined at the mesh vertices. Here, we suggest a linear interpolation scheme, for which the

metric at point c(t) is given by
MðtÞ ¼ ð1� tÞM�1
2

1 þ tM
�1

2

2

� ��2

; 0 6 t 6 1. ð15Þ
To find the interpolated metric, we must first express the two metrics in a basis in which both associated

matrices are diagonal, i.e., perform the simultaneous reduction of the quadratic forms and apply the previ-

ous interpolation scheme. To this end, we consider N ¼ M�1
1 M2 and P ¼ ðe1e2e3Þ the matrix such that its

columns are formed by the eigenvectors of N. We compute (ki)i=1,3 and (li)i=1,3 the eigenvalues of M1 and

M2 in the basis (e1,e2,e3). Then, we define ðh1;i ¼ 1ffiffiffi
ki

p Þi¼1;3 and ðh2;i ¼ 1ffiffiffi
li

p Þi¼1;3. The metric MðtÞ is given by
Fig. 1. Intersection of two metric tensors (left-hand side) and metric interpolation along a segment (right-hand side).
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MðtÞ ¼ tP�1

1

H 2
1ðtÞ

0 0

0
1

H 2
2ðtÞ

0

0 0
1

H 2
3ðtÞ

0BBBBBBB@

1CCCCCCCAP�1; 0 6 t 6 1;
where Hi(t), i = 1,3, are linear functions such that: Hi(t) = (1 � t)h1,i + th2,i (with Hi(0) = h1,i and

Hi(1) = h2,i).

Remark 2.2. Similar interpolation schemes can be defined to interpolate the metric at a point of a mesh

tetrahedra.
3. Anisotropic mesh adaptation

As claimed in the introduction, in many engineering applications, it is desirable to generated anisotropic
meshes presenting highly stretched elements in arbitrary directions. Numerous papers have been published

on mesh adaptation for numerical simulations in computational solid or fluid mechanics (see [15] for a sur-

vey). Among these papers, only a few have addressed the problem of creating unstructured anisotropic

meshes [5]. In the following sections, we will detail our approach to anisotropic mesh generation based

on the notion of unit mesh. Schematically, this approach can be decomposed in two successive steps: at first

the surface mesh is adapted using local mesh modifications [17], then the volume mesh is adapted using a

constrained Delaunay algorithm extended to the anisotropic case [21]. Both steps are aimed at creating a

so-called unit mesh.

3.1. Notion of unit mesh

The generation of a (adapted) mesh is based on the specification of a discrete anisotropic metric tensor at

each mesh vertex of the current mesh, this tensor allowing to compute the lengths of the mesh edges. The

notion of length in a metric space is directly related to the notion of metric and thus to a suitable definition

of the scalar product in the vector space considered. Let us briefly recall here that defining a metric tensor at

a vertex P consists in defining a 3 · 3 symmetric positive definite (i.e., non-degenerated) matrix [16]. The
scalar product in R3 is defined according to a metric M as
h~u;~viM ¼ t~uM~v 2 R.
(It is indeed a scalar product as the matrix M is symmetric positive definite.) With this notion, it is easy to

define the associated Euclidean norm:
k~ukM ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h~u;~uiM

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffi
t~uM~u

p
;

which actually measures the length of the vector~u (i.e., the distance between the two endpoints). The tensor

M can be diagonalized as it is symmetric. Hence, M can be decomposed as: M ¼ RKR�1, where R is the
eigenvectors matrix and K is the matrix of the eigenvalues ofM. Although this decomposition is usually not

unique, it can be made unique by considering specific conditions on the eigenvectors [1].

For the sake of simplicity, it is possible to define the metric tensor so as to prescribe a unit edge length.

At each vertex, a different expression of the metric M leads to a different expression of the scalar product.
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Let P be a vertex and letMðP Þ be the metric at P. The desired edge PX must have a length close to one with

respect to MðP Þ:
lMðPÞðPX
!
Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t PX
�!

MðP Þ PX
�!

q
¼ 1.
As the metric varies in the domain (is not constant in an element), we need to consider the metrics at the

edge endpoints as well as all intermediate metrics along the edge. To this end, we use the length of a para-

metrized segment c(t) (e.g., a mesh edge PX : cðtÞ ¼ P þ t PX
�!

) as
lðcÞ ¼
Z 1

0

kc0ðtÞkdt;¼
Z 1

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tc0ðtÞMðtÞc0ðtÞ

p
;

where MðtÞ stands for the metric at the point P þ t PX
!

along the edge PX, thus leading to the following

relation:
lMðPX
�!

Þ ¼
Z 1

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t PX
�!

MðtÞ PX
�!

q
. ð16Þ
If we remember that the metric M has been defined such that lMðcÞ ¼ 1 (see Section 2.3), the desired

adapted mesh is then a unit mesh, i.e., a mesh such that for each edge~e 2 EK , lMð~eÞ � 1 (compare this rela-

tion to relation (12)).

3.2. Surface mesh adaptation

In our approach, the surface is assumed to be represented by an initial surface triangulation without any

link to a CAD modelling system or an analytical (explicit) parametrization. The reason of such choice has

been dictated by the wide range of applications envisaged, including biomedical simulations for which the

domain is reconstructed from an initial point cloud [19].

Given a discrete surface (a piecewise linear approximation of the domain boundaries) and a discrete met-

ric field associated with the mesh vertices, the aim is to generate a mesh adapted to this metric map. To this

end, the approach we have successfully used consists in modifying iteratively the initial surface mesh so as
to achieve a unit mesh. Obviously, as the mesh is intended for numerical (finite element) computations, the

mesh gradation is also a major concern [9]. The ingredients to achieve this goal typically include mesh

enrichment, mesh coarsening and local mesh optimization procedures. The local mesh modifications oper-

ators involved are: edge flipping, edge collapsing, edge splitting and node removal, node repositioning and

degree relaxation [14,24].

As no CAD information is supposedly available, an internal (at least) C1 continuous geometric support

is constructed, using local quadrics (defined at the mesh vertices). Then, a geometric metric tensor G is de-

fined at the mesh vertices via this support, based on the local principal curvatures and directions. The geo-
metric metric G is defined in the local frame (associated to the tangent plane at a vertex), the third direction

corresponding to the local normal to the surface. The analysis of the surface curvatures allows to minimize

the deviation between the tangent planes of the piecewise linear interpolation and that of the true (under-

lying) surface. This means that the local size for the mesh elements must be proportional to the radii of

curvature:
G ¼ ð h1 h2 h3 Þ
aj�2

1 0 0

0 bj�2
2 0

0 0 1

0B@
1CAtðh1 h2 h3Þ; ð17Þ
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where h1, h2 and h3 represent the desired sizes. Actually, this metric tensor has to be intersected with the

computational metric M (when specified), so as to cope at best with the two anisotropic requirements.

In turn, this metric G \M must be modified to account for the desired mesh gradation [9]. The resulting

metric fM is finally used to govern all mesh modifications.

Once the geometric metric has been defined, the surface meshing algorithm is pretty straightforward:
edge lengths are computed with respect to the metric fM and small edge are collapsed while long edge

are splitted into unit length segments. Edge flips and node repositioning operations are performed to im-

prove the overall mesh quality (in terms of shape and size) [6,7,17].

3.3. Volume mesh adaptation

Once the surface mesh has been adapted, a unit volume mesh is generated with respect to the modified

metric fM. In our approach a constrained Delaunay procedure is used to build first an empty mesh (with no
internal vertices). Then, based on an edge length analysis, internal nodes are added into the current mesh

(most of them coming from the background mesh, at the previous iteration) using the Delaunay kernel,

extended to the anisotropic case [20,21].

As pointed out, the classical distance evaluation is replaced using an evaluation related to the local

anisotropic metric. Hence, let A and B be two points, the distance between A and B, d(A,B) is now replaced

by lMðA;BÞ as defined by Eq. (16). Then, OK (the circumcenter of a tetrahedron) is computed as the solu-

tion of the system:
lMðOK ; P iÞ ¼ lMðOK ; P jÞ 8i; j ¼ 1; 4; i 6¼ j
and rK, the circumradius of K, is computed as
rK ¼ lMðOK ; P jÞ.

Finally, the Delaunay measure:
aMðP ;KÞ ¼ lMðOK ; P Þ
lMðOK ; P jÞ

< 1;
where aMðP ;KÞ is used to define the cavity of K. However, as we face a non-linear system to compute OK

and as the metric is discrete, it is then not so easy to compute the desired length. Therefore, approximations

are needed to return to the Euclidean context. To this end, we fix the metric and various approximations
can be used.

Notice that most of the vertices are preserved in order to reduce the round-off and computational errors

when interpolating the solutions from one mesh to another in the adaptation scheme.
4. Application examples

To conclude our exposé and to illustrate the efficiency of the proposed approach, we will now present
two application examples of three-dimensional CFD simulations. As the construction of the metric tensor

used in mesh adaptation requires computing the Hessian of the variable considered for adaptation, we first

recall a numerical technique to evaluate the second derivatives of the variable at mesh vertices.

4.1. Evaluation of the Hessian matrix

One of the key point in the mesh adaptation scheme is related to the construction of the metric tensor

and, more precisely, to the evaluation of the Hessian matrix (see relation (13)). Indeed, constructing a good



Fig. 2. Onera M6 wing test case: isotropic surface and cut through the volume mesh at iterations 1 and 9 of the adaptation scheme.

5078 P.J. Frey, F. Alauzet / Comput. Methods Appl. Mech. Engrg. 194 (2005) 5068–5082
(reasonable) metric requires computing the Hessian matrix accurately. Various techniques have been inves-

tigated so far, based on a variational (finite element) formulation [25], the Green formula [27] or a Taylor

expansion and the solving of a linear system by means of a least-squares approximation. Here, we have

considered the last technique and we will briefly recall its main principle.

Let P be a mesh vertex and let u be the solution taken into account to define the metric. By considering a

Taylor expansion of u at a vertex Pi connected to the vertex P (i.e., P i 2 BðPÞ, the ball of P) and truncated
at the order 2, we can write the following relation:
ui ¼ uþ PP i

�!
�ruðP Þ þ 1

2
ht PP i

�!
;HuðP Þ PP i

�!
i () 1

2
ht PP i

�!
;HuðP Þ PP i

�!
i ¼ ui � u� PP i

�!
�ruðP Þ
with the notations u = u(P) and ui = u(Pi). This relation can be developed using the notations:
PP i

�!
¼ tðxiyiziÞ;ruðP Þ ¼ tðabcÞ;HuðP Þ ¼

a b c

b d e

c e f

0B@
1CA;
as follows:
1
2
ax2i þ 2bxiyi þ 2cxizi þ dy2i þ 2eyizi þ fz2i
� �

¼ ui � u� ðaxi þ byi þ cziÞ. ð18Þ



Fig. 3. Onera M6 wing test case: anisotropic surface and cut through the volume mesh at iterations 1 and 9 of the adaptation scheme.
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This leads to a usually over-determined system1 of the form:
1 Th

three-d
AX ¼ B; with tX ¼ a b c d e fð Þ;

where A is a n · 6 matrix (n ¼ CardðBðP ÞÞ) function of (xi,yi,zi) and B is a vector of dimension n given by

the righ-hand side of the relation (18), and function of (a,b,c,xi,yi,zi,u,ui). This system is solved using a

least-square approximation, i.e., it consists in minimizing the distance between the vectors AX and B of
Rn by minimizing the square of the Euclidean norm of their difference. The problem is then to
Find u 2 R6 such that kAX � Bk2 ¼ inf
Y2R6

kAY � Bk2.
It can be shown that the solution of this problem is the solution of the linear 6 · 6 system of normal

equations [12]:

tAAX ¼ tAB.
The latter is then solved using a standard Gauss method.
e system is overdetermined as 6 coefficients must be computed and the vertex P is usually connected to more than 6 vertices Pi in

imensions.
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Remark 4.1. If, in some peculiar cases, the system is under-determined (i.e., CardðBðP ÞÞ < 6), additional

vertices connected to the vertices of BðPÞ can be taken into account.
4.2. CFD examples

The first example concerns a classic numerical simulation of transonic air flow around the ONERA M6

wing. A Euler solution is computed for Mach number equal to 0.8395 with an angle of attack of 3.06�. This
transonic simulation case gives raise to a well-known lambda-shock. The initial mesh is a relatively coarse

mesh containing 7815 vertices, 5848 boundary triangles and 37,922 tetrahedra. The variable used to adapt
the mesh is the Mach number. The mesh has been adapted 9 times, every 250 time steps. Fig. 2 (resp. 3)

shows the adaptation in the isotropic (resp. anisotropic) case. The final isotropic mesh (iteration 9) contains

231,113 vertices and 1,316,631 tetrahedra and the final anisotropic mesh contains 23,516 and 132,676 tet-

rahedra. In this example, the maximal aspect ratio achieved for the anisotropic elements is about 10. Nev-

ertheless, the anisotropic metric leads to a dramatic reduction of the number of degrees of freedom, roughly

one order less than in the isotropic case (for the same error level). The CPU times required to generate the

final surface (resp. volume) mesh is 31 (resp. 132) s, and to compute the Euler solution over 250 time steps is
Fig. 4. Supersonic business jet configuration (data courtesy of Dassault Aviation): initial and adapted surface meshes with

corresponding isolines of the Mach number.
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2,782 s in the isotropic case, on a Pentium 4 3Mhz machine. Similarly, the CPU times required to generate

the surface (resp. volume) mesh is 3 (resp. 25) s, and to compute the Euler solution over 250 time steps is

318 s in the anisotropic case (Fig. 3).

The compressible Euler equations have been solved using the NSC3KE software [26]. The surface and

volume meshes have been adapted using, respectively, the Yams [18] and Gamanic3d softwares [21].
The second example concerns an Euler simulation of supersonic flow for a future business jet at Mach

1.8 with an angle of incidence of 3� at an altitude of 15,200 m. The design and conception of this future

business plane (Dassault Aviation) has led to investigate the control of the sonic boom phenomenon. Beside

classical studies aimed at reducing the drag and at increasing the lift of the airplane, the shape optimization

process for supersonic civil aircrafts includes another component: the need to reduce the noise at the

ground level. In our case, the goal was to analyze the impact on the sonic boom of the optimization of

the front part of the airplane geometry. Numerically, this study combine a good near field flow computa-

tion (including the computation of the aircraft signature: pressure fields) and a good sonic boom prediction
(far field propagation). In the preliminary stage of this project, mesh adaptation already proved to be a very

efficient tool. In particular, anisotropic mesh adaptation allows to compute accurately the far-field pressure

distribution with a minimal numerical diffusion. Fig. 4 presents initial and adapted meshes for this simu-

lation. In this Figure, the Mach cones are clearly identified in front of the fuselage on the adapted mesh.

The initial mesh contains 34,412 vertices, 18,924 boundary triangles and 178,632 tetrahedra. The final mesh

(iteration 9) contains 124,320 vertices, 15,792 boundary triangles and 734,046 tetrahedra.
5. Conclusion and future work

In this paper, we have proposed a method for constructing a general purpose error estimate suitable to

define an anisotropic metric map. With such a map, adapted meshes can be generated for numerical simu-

lations, for instance in CFD. The error estimate is based on the interpolation rather than on the approxi-

mation error. This allows to easily combine metric tensors for variables of different types and natures.

Surface and volume mesh generation algorithms have been presented that take advantage of discrete aniso-

tropic requirements. The numerical results presented in this paper have demonstrated the feasibility and
efficiency of this approach for solving fluid dynamics problems in an adaptive scheme.
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