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Local parametrization

• motivations:
◦ improve the visual quality of existing triangle-based model,
◦ improve the geometric approximation.

• idea: replace a surface triangle by a Bézier cubic portion of surface,

• advantage: compatibility with OpenGL API data structures
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Local parametrization

In the following, we make the assumption that each triangle T = (a0 a1 a2) 2 ST accounts for a smooth
portion of S, whose boundaries may be ridge curves, reference curves, etc... The portion of @⌦ associated

to T is modeled as a cubic piece of surface �( bT ), where

bT :=
�
(u, v) 2 R2, | u � 0, v � 0, w := 1 � u � v � 0

 

stands for the reference triangle in the plane, and each component of � : bT ! R3 is a polynomial of total

degree 3 in two variables u, v 2 bT . It will turn out convenient to write � under the form of a Bézier cubic
polynomial [18]:

(2) 8(u, v) 2 bT , �(u, v) =
X

i,j,k2{0,...,3}
i+j+k=3

3!

i!j!k!
wiujvk bi,j,k,

where the bi,j,k 2 R3 are control points, yet to be specified. See figure 1 for an illustration.
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Figure 1. A piece of parametric Bézier cubic surface, associated to triangle T , with control
points bi,j,k.

We also denote as �0, �1, �2 the boundary curves of �( bT ):

8t 2 [0, 1], �0(t) = �(1 � t, t), �1(t) = �(0, t), �2(t) = �(t, 0).

The choice of the control points bi,j,k is dictated by the geometrical features of @⌦ we approximated in
section 3.1, or by other requirements we may want our local geometry to meet.

3.2.1. Choice of the three ‘vertex’ control points. The natural requirement that ST should interpolate @⌦

prompts the choice of the three vertices of T as the three vertices of �( bT ), that is:

b3,0,0 = a0, b0,3,0 = a1, and b0,0,3 = a2.

3.2.2. Choice of the six ‘curve’ control points. We required �( bT ) should be a smooth piece of surface. In

particular, �( bT ) enjoys a tangent plane Tai
S at each vertex ai, whose normal vector ni should match the

reconstructed geometric information at ai.
On the other hand, it is well-known (see [18] for instance) that the whole geometry of Bézier curves and

surfaces can be expressed in terms of their control points; for instance, the tangent vector at a0 to the
boundary curve �2 is 3(b2,1,0 � b3,0,0), and the tangent at a0 to �1 is 3(b2,0,1 � b3,0,0).

Hence, the tangent plane to �( bT ) at a0 is the expected tangent plane Ta0
@⌦ provided b2,1,0 and b2,0,1 are

chosen in such a way that (b2,1,0 � a0) and (b2,0,1 � a0) are non colinear, and both orthogonal to n0. Similar
relations hold when it comes to a1, a2 and control points b0,2,1, b1,2,0, b1,0,2 and b0,1,2.

This still allows some latitude as for the choice of these coe�cients. In [43], the authors propose to take,
for instance, b2,1,0 as the orthogonal projection over Ta0

@⌦ of point a0 + (a1 � a0)/3. Instead of this, we
5

be held as vertex array in the graphics card’s RAM,

the memory footprint is rather low.

While this technique originally only allows for

uniform refinement of triangular meshes, several

more complex GPU-based adaptive tessellation

schemes were suggested for other surface descrip-

tion methods like Catmull-Clark subdivision sur-

faces [1, 5] and trimmed NURBS and T-spline

surfaces (approximated by rational bi-cubic Bézier

patches) [8].

3 Adaptive tessellation

In our approach we adopt rendering refinement pat-

terns for the subtriangulation of PN triangles, i.e.

a pattern is rendered for each PN triangle with the

control points bijk and nijk being provided as pa-

rameters. While the vertex shader performs the

translation of the pattern’s vertices onto the PN tri-

angle’s surface by evaluating Eq. (1), the fragment

shader evaluates the normal field for shading.

However, in contrast to Boubekeur and Schlick

[3], we don’t use the same pattern for all triangles

of a model but select the pattern on a per-triangle

basis such that both the refinement level is as low

as possible and a given screen-space error bound is

satisfied, resulting in an adaptive tessellation of the

model’s PN triangle mesh. Moreover, we restrict

ourselves to refinement patterns created by succes-

sive 1-to-4 splits of a triangle (cf. Fig. 2), i.e. to sub-

division levels of 2ℓ − 1. When switching from

one pattern to the next one, this choice enforces

that either the mesh gets refined by adding new ver-

tices or it is coarsened by removing some vertices

while keeping the remaining vertices’ positions un-

changed. Hence the borders of a PN triangle’s tes-

sellation are not suffering from “swimming” arti-

facts.

The hierarchical structure imposed by the 1-to-

4 splits can also be exploited to keep the memory

requirements low. Since the vertices of patterns for

coarser refinement levels are real subsets of the ones

for the finest level, it suffices to store the vertices of

the most detailed pattern in a vertex array and pro-

vide index arrays for all refinement patterns. Also

note that the restriction to uniform subdivision via

1-to-4 splits keeps the number of different patterns

comparatively low which would be especially hard

in case different subdivision levels were supported

for each edge.

To select the coarsest refinement pattern for each

PN triangle which respects a given screen-space er-

ror bound, we employ a novel error metric that takes

a PN triangle’s actual shape and size into account.

In particular, it seems mandatory to include the de-

gree to which a PN triangle is curved and hence its

surface deviates from the corresponding base trian-

gle in such a metric to avoid overly fine subtriangu-

lation. For instance, in the extreme case of a flat PN

triangle where all per-vertex normals coincide with

the triangle’s face normal, no subdivision is needed

at all. Note that because the normal field is evalu-

ated on a per-fragment basis, the smoothness of the

surface’s shading and the appearance of highlights

don’t depend on the actual degree of geometric sub-

division.

Figure 2: Refinement patterns for subdivision levels

0, 1 and 3 (top, from left to right) and their usage for

tessellating a PN triangle (bottom).

A crucial quantity in the derivation of our error

metric is the distance of the tangent control points

from their corresponding edges. While it can eas-

ily be shown that this distance is bound by L/6
[16], where L denotes the base triangle’s longest

edge, we determine the actual distances dijk to get

a tighter error bound for flatter PN triangles.

Suppose a PN triangle is tessellated with a subdi-

vision level of 2ℓ − 1. Then for those vertices that

would be newly inserted along an edge by the next

1-to-4 refinement step, it can be shown that their

maximum distance from the polyline currently ap-

proximating the Bézier boundary curve in any di-

rection perpendicular to the corresponding edge is

bound by

dmax(d1, d2, ℓ) ≤
4−ℓ · max

t∈[0,1]

!!( 3
2

− 9
4

t) d1 + ( 3
4

− 9
4

t) d2

!!

where d1 and d2 denote the quantities dijk of the

involved tangent control points. While this metric
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Local parametrization

Levels of re�nements of a sphere model.
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Local parametrization

• we suppose that each triangle T = a0a1a2 ∈ S accounts for a smooth portion of
Σ, which is modeled as a cubic piece of surface σ(T̂ ), where

T̂ := {(u, v) ∈ R2, u ≥ 0, v ≥ 0, w := 1− u− v ≥ 0}

is a reference triangle in the plane, and each component of σ : T̂ → R3 is a poly-
nomial of total degree 3 in the two variables u, v ∈ T̂ .

• σ can be written under the form of a Bézier cubic polynomial:

∀(u, v) ∈ T̂ , σ(u, v) =
∑

i,j,k∈{0,1,2,3}
i+j+k=3

3!

i! j! k!
wi uj vk bi,j,k , (1)

where the choice of the control points bi,j,k ∈ R3 is dictated by the geometry of the
surface Σ.

• this allows for a close and fast evaluation of the Hausdor� distance between the
considered triangle T ∈ S and the corresponding piece of ideal surface σ(T̂ ) ∈ Σ.
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Local parametrization

• Coe�cients of control points are de�ned as follows:

b3,0,0 = a0, b0,3,0 = a1, b0,0,3 = a2

b2,1,0 = (2a0 + a1 − w0,1n(a0))/3, b1,2,0 = (2a1 + a0 − w1,0n(a1))/3

b0,2,1 = (2a1 + a2 − w1,2n(a1))/3, b0,1,2 = (2a2 + a1 − w2,1n(a2))/3

b1,0,2 = (2a2 + a0 − w2,0n(a2))/3, b2,0,1 = (2a0 + a2 − w0,2n(a0))/3

b1,1,1 = m+
m− v

2
, v :=

a0 + a1 + a2

3
,

m :=
b2,1,0 + b2,0,1 + b1,2,0 + b0,2,1 + b1,0,2 + b0,1,2

6
,

where wi,j = (aj − ai) · n(ai) ∈ R.
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